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q = 1:       SBG = kB lnW      hence     Ω pi{ }( )∝ eSBG pi{ }( )/kB     hence 
Ω(A + B)∝ eSBG (A+B)/kB = eSBG (A)/kB+SBG (B)/kB = eSBG (A)/kBeSBG (B)/kB ∝Ω(A) Ω(B) 
                                                                                                                   OK!

∀q :           Sq = kB lnqW      hence     Ω pi{ }( )∝ eq
Sq pi{ }( )/kB     hence 

Ω(A + B)∝ eq
Sq (A+B)/kB = eq

Sq (A)/kB+Sq (B)/kB+(1−q)[Sq (A)/kB ][Sq (B)/kB ]

                                    = eq
Sq (A)/kBeq

Sq (B)/kB ∝Ω(A) Ω(B)                 OK  ∀q !

Einstein 1910 (reversal of Boltzmann formula): 
            For any two independent systems A and B, 
            the likelihood function should satisfy
   
                              Ω(A + B) = Ω(A) Ω(B)  (Einstein principle)



		v13 = v12 + v23 								(Galileo)

		

v13 =
v12 + v23

1+ v12
c
v13
c

			(Einstein)

COMPOSITION OF VELOCITIES OF INERTIAL SYSTEMS (d=1) 

Newton mechanics:  
It satisfies Galilean additivity but violates Lorentz invariance (hence 
mechanics can not be unified with Maxwell electromagnetism) 
 
Einstein mechanics (Special relativity):  
It satisfies Lorentz invariance (hence mechanics is unified with Maxwell 
electromagnetism) but violates Galilean additivity 
 
Question: which is physically more fundamental, the additive composition 
of velocities or the unification of mechanics and electromagnetism? 



		 

Special	relativity	recovers	Newtonian/Galilean	mechanics	
as	particular	case:

v13 =
v12 + v23

1+ v12
c
v13
c

	 ∼ 	v12 + v23 	

if							1/c→0								or						∀	1/c ≠0		with		v /c→0

q-statistics	recovers	Boltzmann-Gibbs	statistics
as	particular	case:

eq−βE ≡
1

1+(q−1)βE⎡⎣ ⎤⎦
1
q−1
	 ∼ 	e−βE

if							(q-1)→0								or						∀	(q-1)≠0		with		βE→0
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TRIANGLE FOR INDEPENDENT COINS 
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HYBRID PASCAL - LEIBNITZ TRIANGLE 

Blaise Pascal (1623-1662)            
Gottfried Wilhelm Leibnitz (1646-1716)                 
Daniel Bernoulli (1700-1782)  





C.T., M. Gell-Mann and Y. Sato, Proc Natl Acad Sc USA 102, 15377 (2005)  

Asymptotically scale-invariant (d=2) 

d+1 

(It asymptotically satisfies the Leibnitz rule) 
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An entropy  functional is  if (and only if), 
for any two probabilistically independent systems  and ,
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                                             [S. Abe, Phys Lett A 271 (2000) 74]

For a special class of correlations, a value of  (noted )  
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             ( ) ( ) ( ) 

ent ent ent

ent

q q q

q q

S A B S A S B+ = +

       Independence implies:
                                 ( | ) ( )   ( )

                                 ( | ) ( )   ( )

                           

     (extensivit 

      1

y) 

q q

q q

ent

S AB S A q
S B A S B q
q

= ∀

= ∀

=

Conditional entropy of A (calculated 
with conditional probabilities) Entropy of B (calculated  

with marginal probabilities) 

Entropy of (A+B)                
(calculated with joint probabilities) 



SANTOS THEOREM:  RJV Santos, J Math Phys 38, 4104 (1997) 

                   (q -generalization of Shannon 1948 theorem) 
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e assumptions required for its proof for
the present theory It is given chiefly to lend a certain plausibility to some of our later definitions

are in no way necessary

The real justification of the  ,  ,     
.

se definitions however will reside in their
implications





Shore and Johnson axioms    (1980) 
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Shore and Johnson axioms 1980 mandate        
Boltzmann-Gibbs-Shannon entropy…  
          hence they need to be generalized!!! 
 
Compromise of mathematics is with logics. 
Only when nature ‘likes it’, mathematics                        
becomes theoretical physics! 





Euclid set of axioms including his celebrated 5th postulate 
yields the magnificent Euclidean geometry 
 
Violation of the 5th postulate yields Riemannian geometries 
      Carl Friedrich Gauss 1813 
      Ferdinand Karl Schweikart 1818 
      János Bolyai 1830 
      Nikolai Ivanovich Lobachevsky 1830 
      Bernhard Riemann 1854 

If we stubbornly insisted that the 5th postulate was 
not proposed by Euclid but was mandated by God, 
then General Relativity would not exist! L 
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SPIN ½ XY FERROMAGNET WITH TRANSVERSE MAGNETIC FIELD: 

|γ |=1               →   Ising  ferromagnet
0 <  |γ |  <1    →   anisotropic XY  ferromagnet
γ = 0                →   isotropic XY  ferromagnet

λ ≡ transverse magnetic field
L ≡ length of  a block  within a  N →∞  chain

F. Caruso and C. T., Phys Rev E 78, 021101 (2008) 
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F. Caruso and C. T., Phys Rev E 78, 021101 (2008) 

ISING MODEL  
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Using a Quantum Field Theory result
in P Calabrese and J Cardy JSTAT P
we obtain at the critical transverse magnetic field
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29 3cq
c

+ −=

Block entropy for the d=1+1 model, with central charge c, at its quantum 
phase transition at T=0 and critical transverse “magnetic” field 

analytically obtained 
from first principles 

Self-dual Z(n) magnet (n =1, 2,...)           [FC Alcaraz, JPA 20 (1987) 2511]

                        → c = 2(n −1)
n + 2

∈[0, 2]    

SU(n) magnets (n =1, 2,...;  m = 2,3,...)   [FC Alcaraz and MJ Martins, JPA 23 (1990) L1079]

                        → c = (n −1) 1− n(n +1)
(m + n − 2)(m + n −1)

⎡
⎣⎢

⎤
⎦⎥
∈[0,n −1] 



BE CAREFUL!!! 

		

For	d =1	quantum	system	with	central	charge	c ,	we	have

SBG =
c
3lnL+ lnb+ ...= ln bL

c/3( )+ ...
and	the	extensive	entropy	is		Sq 	with				q=

9+ c2 −3
c

But	if	we	(wrongly)	assume	equal	probabilities,	we	will
(wrongly)	use	SBG = lnW 	 , 	hence				W ∼bLc/3.	
This	corresponds	to	the	power-law	class,	whose	extensive	

entropy	is		Sq 	with		q=1−
3
c
,		which	is	definitively	wrong!!!





		

											0<lim
L→∞

lim
N→∞

Sq(L,N)
L

<∞

			i.e.,
											Sq(L,N)∝L								(N >> L>>1)
N ≡ 	total	number	of	particles	of	the	d =1	system
L	 ≡ 	total	number	of	particles	of	the	subsystem

											q=1− 2
m−k

						(m=1,2,...;	k =0,1,2,...;	m−k ≥3)
m≡ 	number	of	internal	degrees	of	freedom	per	particle
(e.g.,	m=2s;	s ≡ spin	size=1/2,	1,	3/2,...)
k ≡ number	of	fundamental-state	vanishing	magnons
Carrasco, Finkel, Gonzalez-Lopez, Rodriguez and Tempesta, JSTAT (2016) 





29 3cq
c

+ −=

1.67 1.671 1
ln  (2 1)

q
c S

= − = −
+

(d = 1; T = 0) 

(pure magnet with critical transverse field) 

(random magnet with no field) 

BG 

A Saguia and MS Sarandy, Phys Lett A 374, 3384 (2010) 



q – PRODUCT: 
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The q - product is defined as follows: 

 L. Nivanen, A. Le Mehaute and Q.A. Wang, Rep. Math. Phys. 52, 437 (2003)  
 E.P. Borges, Physica A 340, 95 (2004)  

(extensivity of Sq) 

(nonadditivity of Sq) 


